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Abstract. Active Learning (AL) is an emerging field of machine learning focusing on creating a closed loop of learner (statistical model) and
oracle (expert able to label examples) in order to exploit the vast amounts
of accessible unlabeled datasets in the most effective way from the classification point of view.
This paper analyzes the problem of multiclass active learning methods
and proposes to approach it in a new way through substitution of the
original concept of predefined utility function with an ensemble of learners. As opposed to known ensemble methods in AL, where learners vote
for a particular example here we use them as a black box mechanisms
for which we try to model the current competence value using adaptive
training scheme.
We show that modeling this problem as Multi-Armed Bandit problem
and applying even very basic strategies bring significant improvement to
the AL process.
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1

Introduction

Classical supervised machine learning methods require big labeled datasets to
construct good models. Unfortunately, in real life applications it is often the
case that, while large amounts of data may be available, a significant portion of
them misses the true labeling. Obtaining such information commonly requires
substantial amounts of time/costs (like labeling video recordings, tagging text
corpora or synthesis and testing of new kinds of drugs). Active learning [24] addresses this issue by introducing the label querying step into the model’s training
process to minimize the total cost of building the most accurate classifier.
To the authors’ best knowledge, not much work has addressed the problem of
dealing with active learning ensembles. There has been many approaches to build
active learning strategies on the ensembles of models [25] or extreme hypotheses
[13] but they all operate on the different level of abstraction.
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In this paper we present a method of creating a complex active learning strategy from an ensemble of existing strategies. We model the problem of adaptively
selecting the best ones as a well known Multi-Armed Bandit problem, which is
used as a model in many fields of computer science [12] and machine learning
[7]. We analyze the generic scheme of such approach and define few families of
possible reward functions. Then we focus on applicability of particular selection
strategies in this context.

2

Related work

This work is a continuation of the short communicate entitled ”Adaptive Active
Learning as the Multi Armed Bandit Problem” [10]. Results from this paper
significantly extend previous ones through more theoretical analysis of the process, deeper analysis of empirical behaviour, extension to multiclass problems
and more valuable reward function.
There are many active learning strategies working with ensembles of learners
in the sense of classifiers. Approaches such as Query by Disagreement (QBD [13])
or Query by Committee (QBC [25]) assume that there is one, fixed utility function which analyzes multiple classifiers (elements of an ensemble) and a metastrategy which makes a consensus decision (such as majority voting or entropy).
In this work we analyze a problem one layer of abstraction higher, with learner
we shall denote the actual utility function which makes ”small decisions”. So we
are working in the scenario where we have multiple utility functions, working
on a single machine learning model (which can be an ensemble itself, in fact
we perform evaluation using entropy QBD querying as an element of a learners
ensemble).

3

Adaptive Active Learner

In classic Active Learning pool based approach [26, 27] we have a set of unlabeled
data U and a learner defined by its utility function u such that
u : H × U → R.
In given iteration we have hypothesis (model) h and simply select sample to
label it with
q = arg max u(h, x).
x∈U

This means that if we denote by hi the hypothesis in i’th iteration, by A the
training algorithm which given training set returns a hypothesis and an oracle
over K-class problem o : U → {1, ..., K}, we obtain:
hi+1 = A({(qk , o(qk ))}ik=1 ),
where
qi = arg max u(hi , x)
x∈Ui
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Ui+1 = Ui \ {qi }.
If we look at the time dimension of our dynamical learning process it appears
that only h depends on time (as classifier learns over time), while u is considered
a constant function.
The Adaptive Active Learner (A2 L) proposed by Czarnecki et al. [10] assumes
that also u itself depends on time and can benefit from past experiences, meaning
that
qi = arg max ui (hi , x)
x∈Ui

and there is some adaptive process f such that
ui+1 = f ((hk )ik=1 , (uk )ik=1 , (qk )ik=1 , (o(qk ))ik=1 ),
where (ak )ik=1 denotes sequence of ai from k = 1 to i.
In general f could be any function returning an utility function so the problem of finding a good one is extremely complex. In the following sections we will
focus on a narrowing of space of possible f to the family of functions on some
finite set.
3.1

A2 L for Ensemble of learners

Let us assume that we are given a finite set of learners, denoted by their corresponding utility functions
L = {u(1) , ..., u(K) }
and that in each iteration we simply choose one of these learners to query, using
some previous knowledge on their competences in current task and timeframe.
One of possible statistical models which can help us perform adaptation over time
is Multi-Armed Bandit problem [23]. Given some finite set of processes (bandits)
we iteratively sample (play) them and receive a value (reward). The aim of this
model is to maximize the cumulative reward over time having no prior knowledge
regarding particular bandits. We only observe results of playing at given machine.
The problem of finding best strategy can be stated as a minimization of so called
regret R, defined as a difference between sum of gained rewards and the sum of
rewards obtained by some hypothetical optimal selection.
minimize R(s) =
s

T
X
k=1

rkopt −

T
X
k=1

rks ⇐⇒ maximize
s

T
X

rks ,

k=1

where rks is the reward obtained in kth iteration using strategy s and opt is the
optimal strategy.
In order to model A2 L using MAB as in [10] we consider learners as machines
and querying them as playing. The only thing missing is some reward function
r which we want to optimize and we can plug in any existing MAB algorithm
(such as ε-greedy [16], UCB [3], EXP3 [4], ...) as f .
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f ((hk )ik=1 , (uk )ik=1 , (qk )ik=1 , (o(qk ))ik=1 ) := mab((uk )ik=1 , (rk )ik=1 ),
where
ri = r((hk )ik=1 , (uk )ik=1 , (qk )ik=1 , (o(qk ))ik=1 ).
One of the simplest reward functions one can define is a characteristic function
of predicting an incorrect label
r((hk )ik=1 , (uk )ik=1 , (qk )ik=1 , (o(qk ))ik=1 ) = r0/1 (hi , qi , o(qi )) = 1hi (qi )6=o(qi ) .
Using such reward function we prefer strategies querying points which are
currently incorrectly labeled by our classifier. As a result we maximize accuracy
of the underling machine learning model.
Theorem 1. Given A2 L with UCB1 strategy, set of active learners L and r0/1
reward function, assuming that given learner’s reward in each iteration is stochastic and independent on process history the maximum number of missed (not
queried) mislabeled points which could be found using different selection of learners after T iterations is O(log T ). In general this bound cannot be improved.
Proof. This is a direct consequence of the UCB1 MAB bounds on regret function and the fact that r0/1 equals 1 if and only if current hypothesis mislabels
given point. This bound realizes the theoretical lower bound of MAB error [3]
of Ω(log T ) so in general it cannot be asymptotically improved.
t
u
Slightly more complex reward function is to measure the increase in the
generalization capabilities of a particular model under given evaluation metric
m on some representative1 validation set V .
rm (hi , hi−1 ; V ) = m(hi (V ), o(V )) − m(hi−1 (V ), o(V )).
Using such reward function we can get even better theoretical bound on the
learning process.
Theorem 2. Given A2 L with UCB1 strategy, set of active learners L and rm reward function, assuming that given learner’s reward in each iteration is stochastic and independent on process history, the achieved generalization capabilities
in terms of metric m is at most O(log T ) worse than the one achieved by optimal
selection of learners after T iterations. In general this bound cannot be improved.
Proof. This is a direct consequence of the UCB1 MAB bounds on reward function and the fact that
T
X
k=1

rmk =

T
X

[m(hk (V ), o(V )) − m(hk−1 (V ), o(V ))]

k=1

= m(hT (V ), o(V )) − m(h0 (V ), o(V ))
1

in Practical Considerations section we shortly discuss how to get such set V
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is the generalization capability of a given model, dependent only on the final
hypothesis hT and the initial hypothesis h0 . Optimality is analogous to the one
from Theorem 1.
t
u
3.2

Multi armed bandit algorithms

In this section we briefly summarize Multi Armed Bandits (MAB) algorithms
used in this work. According to extensive evaluation on both artificial and real
datasets [16] it has been shown that ε-greedy and UCB, very simple methods of
MAB perform well in reality. We use following notation to denote mean reward
of jth learner
X
rk
r̄j =
|Pj | ,
k:Pj
(j)

where Pj = {k : uk = u
used.

} is a set of iterations’ indices where jth learner was

ε-greedy With probability 1 − ε we select learner which maximized the mean
rewards obtained till this iteration, so we choose ub such that
b = arg max r̄j .
j∈{1,...,K}

And with probability ε we just select random b from uniform distribution over
learners. In other words for most of the time (assuming that ε < 0.5) we use the
most promising learner so far, and for the rest of time we randomly explore other
strategies. This is a very greedy approach which might lead to highly suboptimal
results if learners competences change over time.
Upper Confidence Bound (UCB1) proposed by Auer, Cesa-Bianchi and
Fisher [3] as an elegant approach to the idea of Lai and Robbins [17]. It has
been shown that such approach achieves the minimal regret bound of Ω(log T )
if we assume constant variance of each machine.
q


log T
b = arg max r̄j + 2 |P
.
j|
j∈{1,...,K}

This method achieves surprisingly good results in numerous applications, including its extension to the game trees structure (Upper Confidence Bounds applied
to Trees, UCT) which is currently one of the best AI methods for GO [12],
beating even deep convolutional networks [8].
Upper Confidence Bound Tuned (UCB1 Tuned) according to authors [3]
including the machine’s variance helps in determining the most promising exploration candidates.
s

!
q
log T
2 log T
1
,
b = arg max r̄j +
|Pj | min 4 , var (rk ) +
|Pj |
j∈{1,...,K}

k∈Pj

however to our best knowledge this method lacks many success stories [16].
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4

Practical considerations

Proposed approach, as well as most of the existing utility functions, is independent on the choice of underlying classifier. However, from the practical point of
view one should use a model which:
– supports multiclass classification, preferably directly2 ,
– is able to return a confidence P (y|x) of classification instead of just a label,
– is capable of assessing its own generalization capabilities without creating
hold out set never-used during training process.
While two first elements are satisfied by nearly any modern classifier including
neural networks [20], true multiclass Support Vector Machines [9] or Extreme
Learning Machines [14]. However, last element is much more complex, and requires classifier to be based on bagging [5] or other ensemble technique which
allows model to use, at the same time, all data for training and have a set of
observations which can be used for unbiased error estimation.
Recent extensive evaluation studies showed that Random Forest [6] is one of
the best behaving classifiers available in modern machine learning libraries [11].
This model satisfies all three requirements we listed above and furthermore it
works quite well even with very rough estimation of the hyperparameters. This
makes it one of the best candidates to use with A2 L (and most other existing
active learning strategies).

5

Evaluation

Now we proceed to empirical evaluation of proposed method. Following experiments were performed using code written in Python with use of scikit-learn
library [21]. We use three datasets, DIGITS [1], being a collection of 1797 lowresolution (8x8 pixels) hand written digits scans; MNIST [18], the well known
dataset of 70,000 hand scans of postal codes and finally CIFAR-10 [15], a dataset
of thousands of 32x32 pixels images of various objects from 10 classes. We use
Random Forest classifier as a base method, for explanation of this particular
choice refer to the Practical Considerations section. Each experiment starts with
a small set of randomly selected labeled examples (2 samples from each class for
MNIST and DIGITS, and 100 samples from each class for CIFAR-103 ). For digits recognition we use raw pixels values as the input to the classifier while for
images recognition we first perform randomized PCA dimensionality reduction
to map R32×32 to R20 .
During these experiments we show three strengths of A2 L, namely:
2

3

models such as SVM do not support such operation but using Platt’s scaling one
can add this type of functionality at the cost of loss of mathematical cohesion of the
method
CIFAR-10 is much harder dataset and RF needs more knowledge to start modeling
actual concepts
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1. ability to exploit diverse characteristics of given set of learners,
2. small vulnerability to the redundant learners,
3. possibility to model completely novel strategies.
Let us focus on the evaluation process. We propose to look at two different
tasks which might be the aim of active learning scenario. First, the most natural
one is to create a good predictive model using only subset of the training data.
We will call this a concept learning, as we are interested in building a classifier
which solves the problem for some underlying data densities and so we assume
that there are (possibly infinitely many) samples besides our unlabeled pool. The
second possibility is to assume that the pool is actually whole input space and we
are interested in correct classification of these samples using as small labeling
queries as possible. We will refer to this scenario as finite set learning, as we
assume that there are no samples besides the pool. Even though these problems
might look similar there is at least one fundamental difference between them. The
second problem can be solved efficiently through querying the hardest points, as
they will be automatically correctly classified,
while leaving the easy samples to our model. In the first scenario this is a
much more complex problem as the hardest examples not necessarily are the
ones giving most knowledge about the concept being modeled. Both these approaches have their justification and practical applications so we will analyze
both scenarios. In order to measure the concept learning capabilities we will use
the hold out set to estimate the generalization capabilities which is different than
the pool of samples, while for finite set learning we will estimate generalization
on all samples from the pool minus queried points. Table 1 summarizes popular
learners’ utility functions used for multiclass active learning.

method

u(h, x)

uncertainty
margin
entropy
passive

− maxl P (h(x) = l)
0
0
| max
P l P (h(x) = l) − maxl 6=l P (h(x) = l )|
− l P (h(x) = l) log P (h(x) = l)
hash(x)

Table 1. Popular utility functions, P (h(x) = l) is models confidence in classifying x
as l. By hash we denote perfect hashing function which guarantees random ordering of
values.

During experiments on DIGITS dataset all strategies significantly speeded
up the learning process (as compared to passive learning, see Table 2) and led
to about 86% accuracy in the concept learning scenario and over 95% in finite
set learning. One can easily deduce that learners were able to eliminate hard
examples from the dataset. Margin based method appeared to perform the best,
while entropy learner was much weaker. We applied basic ε-greedy A2 L with the
learners’ ensemble consisting of margin, uncertainty and entropy learners. Not
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only was this strategy able to deal with existence of weak learner, but achieved
results even better than any of the basic methods (despite these approaches yield
highly correlated utility functions [24]). This shows some basic resistance to the
existence of redundant learners in the ensemble.

DIGITS
200 iterations
Passive
Uncertainty
Entropy
Margin
A2 L r0/1 0.5-greedy
{entropy, margin, uncertainty}

Finite
Mean Acc Final Acc

Concept
Mean Acc Final Acc

81.56 ± 0.07
86.16 ± 0.09
80.96 ± 0.09
86.41 ± 0.10

91.90
95.09
91.74
95.36

78.65 ± 0.04
81.05 ± 0.04
81.82 ± 0.03
82.17 ± 0.04

80.91
86.34
82.74
86.80

86.38 ± 0.10

95.37

84.08 ± 0.05

87.77

86.91 ± 0.09

95.75

83.51 ± 0.04

89.06

85.85 ± 0.09

94.58

84.95 ± 0.04

89.11

85.54 ± 0.09

95.73

82.12 ± 0.04

86.97

2

A L rAcc UCB1
{ margin, uncertainty}

2

A L rAcc UCB1
{u0 , u1 , u2 , u3 , · · · , u9 }

2

A L rAcc UCB1Tuned
{u0 , u1 , u2 , u3 , · · · , u9 }

Table 2. Comparison of different strategies on Pen-based DIGITS dataset.

After removal of the entropy learner and change to the more complex strategy
(UCB1 with rAcc reward function) we were able to tweak the learning curve and
achieve above 89% concept learning ability. This is about 3% increase of the
final accuracy after sampling just 200 images as compared to the best learner’s
result and over 10% better than the passive approach.
During an active learning process some classes might be easy to separate even
in the very early stage of the experiment despite the fact that their particular
samples still lie in the ”uncertain” zone of the input space. As the result uncertainty, margin or entropy sampling will query their labels even though this part
of the classification is already completed. In order to deal with this problem we
propose to create a family of learners ui such that they do not query points for
which current model returns different label than i. On the rest of the samples
they work as simple uncertainty sampling4 .

−∞
, if h(x) 6= i
ui (h, x) =
−P (h(x) = i) , if h(x) = i
It is easy to notice that such utility function cannot be expressed as single
learner (as it would be equivalent of 1 vs all learning with just ith classifier)
nor with voting schemes (as each ui has disjoint competence subspaces meaning
4

one can analogously define such family for other basic utility functions such as margin
or entropy
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that ∀x∃!i : ui (x) 6= −∞) so it would degenerate to the uncertainty sampling.
However in the A2 L scenario this family gives us ability to select in each iteration
which class is now the most important one and sample from it.

MNIST
500 iterations
Passive
Uncertainty
Entropy
Margin
A2 L r0/1 UCB1
{u0 , u1 , u2 , u3 , · · · , u9 }

Finite
Mean Acc Final Acc

Concept
Mean Acc Final Acc

71.86 ± 0.09
66.16 ± 0.07
64.68 ± 0.08
68.84 ± 0.16

78.50
72.01
72.09
82.05

73.48 ± 0.08
70.86 ± 0.07
67.54 ± 0.07
71.98 ± 0.17

78.89
77.24
76.66
85.90

75.36 ± 0.10

84.20

78.33 ± 0.09

85.82

73.32 ± 0.10

81.63

77.47 ± 0.10

84.10

74.33 ± 0.10

84.27

77.75 ± 0.10

86.02

74.36 ± 0.11

84.03

77.46 ± 0.10

86.20

2

A L rAcc UCB1
{u0 , u1 , u2 , u3 , · · · , u9 }

2

A L rAcc UCB1Tuned
{u0 , u1 , u2 , u3 , · · · , u9 }

2

A L rAcc 0.5-greedy
{u0 , u1 , u2 , u3 , · · · , u9 }

Table 3. Comparison of different strategies on MNIST dataset.

Such learner slightly increases the score on DIGITS dataset (Table 2), however in more complex task of MNIST problem (Table 3) the difference is not that
big. One should notice, that this approach is based on uncertainty sampling, and
as compared to the non-class based approach it outperforms it by nearly 10% in
concept learning and over 12% in finite set learning.

CIFAR-10
350 iterations
Passive
Uncertainty
Entropy
Margin
A2 L rAcc UCB1
margin {u0 , u1 , u2 , u3 , · · · , u9 }

A2 L rAcc UCB1
{margin, uncertainty}

Finite
Mean Acc Final Acc

Concept
Mean Acc Final Acc

26.72 ± 0.02
24.81 ± 0.01
25.05 ± 0.02
27.28 ± 0.02

29.27
27.89
27.94
29.86

24.31 ± 0.02
26.20 ± 0.02
23.94 ± 0.02
27.97 ± 0.02

28.61
27.70
27.78
30.86

27.13 ± 0.02

29.94

27.12 ± 0.02

30.20

26.99 ± 0.02

31.07

28.14 ± 0.02

31.26

27.88 ± 0.02

30.31

29.09 ± 0.02

33.13

2

A L rAcc UCB1Tuned
margin {u0 , u1 , u2 , u3 , · · · , u9 }

Table 4. Comparison of different strategies on CIFAR-10 dataset.
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Once we switch to the variance analysis enriched UCB strategy – UCB1Tuned,
we get adaptation, which outperforms all basic methods with about 2% in final accuracy on MNIST dataset (in both tasks) and over 5% of mean accuracy,
meaning that learning process is much more stable (we achieve good results not
only after full 500 iterations but also ”in between”). The same method is able to
increase final scores also on much harder, CIFAR-10 (Table 4) dataset for about
3% on concept learning and brings a bit weaker effect on the finite set learning.

6

Discussion and conclusions

Multiclass learning is still a challenge for active learning. In binary classification uncertainty sampling is quite successful despite its simplicity. In multiclass
approach its natural generalization appears to perform quite weak. Adaptive Active Learning, proposed in this paper, tackles this problem and proposes generic
framework in which we can generalize uncertainty sampling to the multiclass scenario. Resulting strategy outperforms (as shown in the evaluation section) state
of the art multiclass methods in most cases. Furthermore, proposed approach
appears to be able to deal (to some extent) with redundant learners and select
the most promising strategies. There seems to be a strong correlation between
problems complexity and required multi armed strategy needed to achieve best
results.
It remains an open question whether very simple generalization to the multiclass ensembles is the best approach especially when dealing with large classes
space (such as hundreds in CIFAR-100 or thousands in Wikipedia). This would
cause linear growth of the ensemble size and could be hard to comprehend by
MAB methods [16]. One could investigate some grouping/class clustering methods such as those used in HCOC [22] model.
There are also more complex strategies for MAB problems, including Exp
family [4], ShiftBand methods [2], as well as a more advanced methods adding
feature vectors to each machine such as LinUCB [19]. These methods could
be very beneficial in our task where we can associate various strategies statistics such as variance (which helped UCB1 to achieve better scores through
UCB1Tuned heuristic) to actually learn the exact relation between these effects.

7
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